Abstract. We present geometric interpretation of the discrete Schwarzian Kadomtsev-Petviashvili equation in terms of quadrangular set of points of a projective line. We give also the corresponding interpretation for the projective line considered as a Moebius chain space. In this way we incorporate the conformal geometry interpretation of the equation into the projective geometry approach via Desargues maps.
Introduction
In the present paper we address two questions concerning geometric interpretation of the following discrete integrable system (1) (
where φ : Z N → F is a map from N -dimensional integer lattice to a division ring F, and indices in brackets denote shifts in the corresponding variables, i.e. φ (i) (n 1 , . . . , n N ) = φ(n 1 , . . . , n i + 1, . . . n N ). The above equation appeared first as the generalized lattice spin equation in [36] , and was called the non-commutative discrete Schwarzian Kadomtsev-Petviashvili (SKP) equation in [10, 30] . As being one of various forms of the discrete Kadomtsev-Petviashvili (KP) system [25, 32] , equation (1) plays pivotal role in the theory of integrable systems and its applications.
Relation between geometry of submanifolds and integrable systems is an ongoing research subject which can be dated back to second half of XIX-th century [14] . In fact, geometric approach to discrete integrable systems initiated in [8, 22, 28] , see also [9] for a review, demonstrates that the basic principles of the theory are encoded in incidence geometry statements, some of them known in antiquity.
For example, complex F = C version of equation (1) was identified in [29] as a multi-ratio condition which describes generalization to conformal geometry of circles of the Menelaus theorem in the metric geometry [13] . Quaternionic version of the equation was studied in [30, 31] , see also [26] for other geometric interpretations of the multi-ratio condition in relation to integrable discrete systems.
The more recently introduced notion of Desargues maps [18] , as underlying property of discrete KP equation considers collinearity of three points. This approach works in projective geometries over division rings and leads directly to the linear problem for the equation in its non-Abelian Hirota-Miwa form [37] . We remark that that the Desargues maps give new understanding [18, 20] of the previously studied discrete conjugate nets [22] . These are characterized by planarity of elementary quadrilaterals (see also [39, 15] ). The compatibility condition for Desargues maps gives projective Menelaus theorem, but leaves open the following Question 1: Can the conformal geometry interpretation of the discrete Schwarzian Kadomtsev-Petviashvili equation be incorporated into the Desargues map approach? Notice that the recent generalization of the Desargues theorem to context of conformal geometry [27] may suggest something opposite.
When studying reductions of the Desargues maps, as for example in [21] , one is forced to restrict dimension of the ambient projective space up to "Desargues maps into projective line". Even if the linear problem is well defined there the geometric condition, which defines the maps, is empty. This leads to Question 2: What should replace the Desargues map condition for the ambient space being projective line? We remark that the analogous problem for discrete conjugate nets in the ambient space being a plane was successfully solved in [1] .
Our answer for both questions is based on the notion of the quadrangular sets, which was introduced by von Staudt in his seminal work [40] as a tool to provide axiomatization of the projective geometry. We remark that quadrangular sets of points appeared in integrable discrete geometry in theory of the Bquadrilateral lattice [16] , but in the context of the Pappus theorem and the Moebius pair of tetrahedra, which is outside of the interest of the present paper.
In Section 2 we first recall basic ingredients of the geometry of the projective line, in particular the notion of cross-ratio in the general non-commutative case [2] . We also formulate the corresponding concept of the multi-ratio of six points on the projective line over a division ring, which generalizes the definition known for commutative case in terms of two cross-ratios or determinants. We show that quadrangular sets of points are fully characterized by the "multiratio equals one" condition also in the non-commutative case (as the commutative case is well known [38] ). This gives our answer to Question 2, which we present in Section 3.
Our answer to Question 1, which we present in Section 4, is also implied by geometry of the projective line, but this time the line is equipped with additional structure. When the division ring F contains a subfield K in its center then F-projective images of the canonically embedded K-line form the so called chains. This leads to the concept of Moebius chain geometry [4, 24] . We show that in such spaces certain quadrangular sets have particular interpretation in terms of the so called Moebius-Veblen chain configuration. In the simplest case of the classical Moebius geometry, where K = R ⊂ C = F the chains are circles (homographic images of the real line in the complex conformal plane), and our approach gives that of Konopelchenko and Schief [29] .
2. Projective geometry of a line 2.1. Cross-ratio and multi-ratio in projective geometry over division rings. A right linear space (F, V) consists of a division ring F and an additive abelian group V such that F acts on V from the right satisfying usual axioms. The corresponding projective geometry studies linear subspaces of the F-space V. The points of the corresponding projective space P(F, V) are one dimensional subspaces of (F, V).
Remark. For simplicity we assume that F is of characteristic zero, but we expect that also finite characteristic may be relevant and give interesting results [5] .
A collineation of the linear space (F, V) upon the linear space (F, W) is a bijective and order preserving mapping σ of the partially ordered (by inclusion) set of subspaces of V upon the set of subspaces of W. When dimension of V is at least three, any such collineation is given by a semi-linear map, i.e. linear map V → W and supplemented by an automorphism of the division ring.
The case of two dimensional linear spaces (i.e. projective lines) needs a special treatment. Then any bijection of projective line can be called collineation. There arises the problem of characterizing those maps which are induced by semi-linear maps of (F, V). The first step in that direction (the full answer can be found in [2] ) makes use of a generalization of the classical notion of cross ratio.
Definition 1 ([2]
). Suppose that P, Q, R, S are four distinct points on the line L. Then the number c ∈ F belongs to the cross ratio P Q S R ⊂ F if there exist elements p, q ∈ V such that
Below we present the known expression of the cross-ratio in terms of non-homogeneous coordinates.
Theorem 1. If k, l are two independent elements of ∈ V, and p, q, r, s are four distinct elements of
where by for c ∈ F by [c] = {aca −1 | a ∈ F \ {0}} we denote the equivalence class of conjugate elements.
Remark. Given three distinct points P, Q, R ∈ L and given c ∈ F \ {0, 1} there exists the fourth point S ∈ L, distinct from the previous ones, such that c ∈ P Q S R ; c = 0 corresponds to S = P , c = 1 corresponds to S = R, while to admit S = Q we need to give the value c = ∞.
Remark. When points P, Q, R have been taken as projective basis of the line, i.e. p = 0, q = ∞, r = 1,
The following result for dim V ≥ 3 justifies the use of cross-ratio in describing geometry of the projective line.
Theorem 2. Suppose that (P, Q, R, S) and (P , Q , R , S ) are quadruples of distinct collinear points. There exists collineation π of the linear space (F, V), dim V ≥ 3. such that π(P ) = P , π(Q) = Q , π(R) = R , π(S) = S if and only if there exists an automorphism α of the division ring F such that
We present below the analogous geometric notion of multi-ratio in the non-commutative case, which we adapted from known definition in the commutative case in terms of two cross-ratios [35, 26, 38] . Like for the non-commutative cross-ratio our geometric definition leads to a class of conjugate elements of the division ring.
Definition 2. Suppose that P, Q, R, S, T, U are six distinct points on the line L. Then the number m ∈ F belongs to the multi-ratio
Proposition 3. If k, l are two independent elements of ∈ V, and p, q, r, s, t, u are six distinct elements of F then
Proof. Let the vectors p, q ∈ V be such as in Def. 2, define the factors λ, µ, σ, ρ ∈ F \ {0} for points P, Q, R, U by
Elimination of the factors µ, σ, ρ leads to the relation
Similar reasoning, but for points P, S, T, U leads to similar relation
which, combined with the previous one, concludes the proof.
Remark. When the division ring F is commutative, our definition of the multi-ratio P Q S U R T ∈ F reduces to the product
of two cross-ratios.
Proposition 4. The multi-ratio is an invariant of the collineations induced by linear transformations of the space (F, V).
Proof. Fix coordinate system, like in Proposition 3, and use the fact, that such collineations are generated by affine transformations φ → aφ + b and inversions φ → φ
By direct calculation, both transformations preserve the multi-ratio (2) understood as the class of conjugate elements. 
Proof. Given five points of the set, we reconstruct the planar quadrilateral which allows to obtain the sixth point. It is known [41] that the construction is independent on the freedom in choice of the quadrilateral. Because we were not able to find the multi-ratio characterization of the quadrangular sets in the non-commutative case we present its detailed derivation. In the general case fix coordinate system on the line L = {(a, 0)|a ∈ F}. Choose an arbitrary point A = L, which can be given then non-homogeneous coordinates (0, 1). The last freedom in the construction is the choice of a point B on the line A, AB , which fixes its coordinates
Then the coordinates of the point C = A, AC ∩ B, BC are
notice identity
Similarly, the coordinates of the point D = A, AD ∩ C, CD read
and then 
Equations (4)- (8) give then
which concludes the first part of the proof. Because equation (3) is uniquely solvable for any of its six points, once other five are given, and by the analogous property of the quadrangular set, the condition described by the equation completely characterizes quadrangular sets of the projective line.
Desargues maps into projective line
3.1. The Veblen configuration and the multi-ratio. Consider Veblen (or Menelaus [29] ) configuration (6 2 , 4 3 ) in projective space, i.e. six points and four lines with two lines incident with each point, and three points incident with each line, see Figure 2 . We label points of the configuration by two element subsets of the four element set {A, B, C, D}, and lines by single elements of the same set. A point is incident with the line if its label contains the label of the line.
Let us present an algebraic description of the Veblen configuration, which can be considered as a non-commutative version of the theorem of Menelaus [13] . Proposition 6. Given points AB ∈ BC, BD , AD ∈ BD, CD , AC ∈ BC, CD on three sides of the triangle BC, BD, CD, and distinct from its vertices. These three points are collinear if and only if the corresponding proportionality coefficients a, b, c ∈ F \ {0, 1} between their non-homogeneous coordinates, as defined by
Proof. To show that the collinearity implies condition (10) assume that the vectors Φ AB , Φ AC , Φ AD , as calculated from the above linear relations, satisfy the constraint of the form
The linear independence of vectors Φ BD − Φ CD and Φ BC − Φ CD implies then
which gives equation (10) . From the other side, insert the condition (10) into first of the above linear equations, which in conjunction with other two gives
thus showing the collinearity. Figure 2) , then the components satisfy the following multi-ratio condition
Proof. Insert expressions
, into the condition (10).
We conclude this Section with a result, which justifies the statement that quadrangular sets should be considered as Veblen configurations in the geometry of projective line. [23] . In particular, the Desargues maps, although initially defined on multidimensional integer lattice, allow for an interpretation [19] as maps from multidimensional root lattice of type A. Such an approach from the very beginning takes into account the corresponding affine Weyl group symmetry of the discrete KP system.
Recall that the N ≥ 2-dimensional root lattice Q(A N ) is generated by vectors along the edges of regular N -simplex in Euclidean space [12, 34] . Vertices of the lattice tessellate the space into N types of convex polytopes P (k, N ), k = 1, . . . , N , called ambo-simplices. It is known that the corresponding affine Weyl group W (A N ) acts on the Delaunay tiling by permuting tiles within each class P (k, N ). The 1-skeleton of P (k, N ) is the so called Johnson graph J(N + 1, k): its vertices are labeled by k-point subsets of {1, 2, . . . , N + 1}, and edges are the pairs of such sets with (k − 1)-point intersection.
The tiles P (1, N ) are congruent to the initial N -simplex which generates the vertices of the root lattice. We color its faces P (1, 2) in black. The faces P (2, 2) of the simplex P (N, N ) we color white. Then P (2, 3) which is regular octahedron has four black and four white triangular faces, see Figure 3 .
Definition 3. By Desargues map φ : Q(A N ) → P(F, V) we mean a map for which images of vertices of simplices P (1, 2) with black triangular faces are collinear. To avoid degenerations it is implicitly assumed that images of vertices of simplices P (2, 2) with white triangular faces are in generic position. Then the octahedra P (2, 3) are mapped into Veblen configurations, see Figure 3 . Moreover, after introduction of appropriate Z N coordinates in the lattice the non-homogeneous coordinates of the map satisfy equation (1), compare with Corollary 7. Guided by Proposition 8 we give our answer to Question 2. 
Desargues maps in Moebius chain geometry
Below we describe the concept of Moebius chain geometry of a projective line, which allows for a construction of quadrangular sets which satisfy certain additional property, adjusted to the structure. This will give our answer to Question 1.
4.1.
The concept of Moebius chain geometry. Assume that the division ring F contains a proper subfield K in its center. The division ring F can be considered then as a division K-algebra. Correspondingly, the projective line over F inherits additional structure, best described within the concept of chain geometry [4, 24, 7] . Define the chains as images of the canonically embedded K-line (called the standard chain) under action of the group of collineations induced by linear maps of the F-line. Points are called cocatenal if they belong to a common chain.
Remark. The simplest example for K = R ⊂ C = F is the classical conformal Moebius geometry of circles (as chains) in the Riemann sphere (complex line or conformal plane). The notion of chain geometry applies actually to any K-algebra, however we will be dealing exclusively with division algebras (i.e. with the so called [24] Moebius chain geometries).
The K-vector space F can be given natural affine space structure. The straight lines are the chains which pass through the infinity point of the projective line F ∪ {∞}. Notice that the notion of "straight line" depends actually on the particular choice of the infinity point. Two chains ar called tangent in point P when after sending P to infinity the chains are parallel in corresponding affine space. Notice following results of the Moebius chain geometry:
(1) Any three distinct points of the F-line are contained in exactly one chain. Remark. One can consider [6] generalizations of the Moebius chain geometry for which K is a subdivision ring of F not necessarily contained in its center (like for example in the case C ⊂ H, where chains are two dimensional spheres S 2 in S 4 ≡ H ∪ {∞}). However such a generalization may violate some of the properties above.
4.2.
Moebius-Veblen configuration. Let us present an analogue of the Veblen axiom/theorem, see also [7] for its general version (in a slightly different formulation) for chain geometries. Proof. By sending the intersection point I to infinity, see Figure 4 , we obtain five points of the classical Veblen configuration in the affine space (K, F) what allows to construct the sixth point of the "straightened configuration", and then eventually to go back to the original one.
Remark. Notice that in the classical Moebius geometry of the complex projective line the assumption about existence of the point I is not needed. However this assumption is essential, if we would like to perform the construction in the case of quaternionic projective line with R ⊂ H.
The points AB, AC, AD, CD, BC, BD will be called ordinary points of the Moebius-Veblen configuration, while I is called the infinity point of the configuration. Proposition 10. In the Moebius-Veblen configuration the constructed point CD is the sixth quadrangular point of the initial five ordinary points in the standard labeling.
Proof. In the "straightened configuration" apply Proposition 5 to get coefficients a, b, c which belong to K \ {0, 1} and satisfy condition (10) . But now one can eliminate the coefficients directly on the level of equations (9) in order to get the multi-ratio condition (3) in F. Proposition 4, which gives invariance of the condition with respect to projective collineations of the F-line, and Proposition 5 imply the statement.
Remark. Even if we do not have the point I to our disposal the sixth point CD of the quadrangular set exists, by the general construction described in Section 2. Then one can consider also the corresponding initial chains C(AB, AC, AD), C(AB, BC, BD), which contain point AB, and the resulting chains C(AC, BC, CD) and C(AD, BD, CD) containing the point CD. These new chains can be given only after construction of the point.
Finally we give our answer to Question 1 presenting the special type of quadrangular sets for which the construction of the sixth point follows from Moebius chain geometry principles, thus incorporating the conformal geometry interpretation of the discrete Schwarzian Kadomtsev-Petviashvili equation into the Desargues map approach. It is well known [11, 29] that the Moebius-Veblen configuration can be supplemented by four chains C(AB, BC, AC), C(AB, BD, AD), C(AC, CD, AD) and C(BC, CD, BD) which then all intersect in the so called Clifford point. The new circle-point configuration of 8 points and 8 circles, with each point/circle incident with 4 circles/points, is called the Clifford configuration. Actually, as it was described in [17] , this result in an equivalent version was known already to Miquel [33] .
Conclusion
The projective structure of the line and the notion of quadrangular sets can be used to provide geometric meaning to non-commutative discrete Schwarzian KP system. When the thiner structure of the underlying division ring is considered then the theory becomes more intriguing. Up to now the case of complex and quaternionic Moebius spaces (with the subfield of real numbers) have been throughly examined [29, 31] . There are known works, see for example [3] , where the Miquel condition has been used to study particular algebras of quantum integrable systems. We expect that the chain geometry may become useful platform to investigate other quantum algebras of mathematical physics.
